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1 Postulates of Special Relativity

In 1905, Einstein in his paper stated two postulates of special theory of relativity. These are as follow:
e Postulate 1: The principle of relativity: the laws of physics are the same in all inertial frames.
e Postulate 2: The speed of light in vacuum is the same in all inertial frames

In addition, we will assume that the stage our physical laws act on is homogeneous and isotropic. This means
it does not matter where (=homogeneity) we perform an experiment and how it is oriented (=isotropy), the
laws of physics stay the same.

2 The Invariant of Special Relativity

Let’s start with a thought experiment that enables us to derive one of the most fundamental consequences
of the postulates of special relativity. Imagine, we have a spectator, standing at the origin of his coordinate
system and sending a light pulse straight up, where it is reflected by a mirror and finally reaches again the
point from where it was sent.

We have three important events:

e A : the light leaves the starting point
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Figure 1: lustration of the thought experiment

e B : the light is reflected at a mirror
e C : the light returns to the starting point.

The time-interval between A and C is
2L
ta—tc=At = —
c
Next imagine a second spectator, standing at ¢4 at the origin of his coordinate system and moving with
constant velocity w to the left, relative to the first spectator. The second spectator sees things a little
differently. In his frame of reference the point where the light ends up will not have the same coordinates as

the starting point.
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Figure 2: Illustration of the thought experiment for a moving spectator

2y =0 # 2 = uAt'BAZ = ulAt

The time interval At’ = t, —t/, is equal to the distance I the light travels, as the second spectator observes
it, divided by the speed of light c.

At = -
C

We can compute the distance traveled [ using the Pythagorean theorem
1 2
=2 (QuAt’> + L2
Therefore,
1 2
cAt =2 (2uAt’> + L2

Hence,
Az’ = uAt

1 2
cAt =2 <2A;1:’) + L2



(cAt)? =4 ((;Aﬂ)Q + L2> 2

2 2
(cAl)? — (Az')* =4 ((;A:”) + L2> — (Aa')? = 4L?

Therefore, we have found something which is the same for all observers: the quadratic form

[(85)° = (eAl)? — (Aa)? — (Ay)® — (Az)?]

3 The Minkowski Notation

We can rewrite the invariant of special relativity as
ds® = (cdt)? — (dz)? — (dy)* — (dz)?
we can write above equation as,
ds? = " dx,dr, = 0" (dzo)? + 0" (dz1)? + n*?(dz2)? + 13 (dx3)?

Here Minkowski metric n°0 = 1,n!!' = —1,7?2 = —1,73% = —1, and 7** = 0 (an equal way of writing this is
n= dlag(la _]-7 _]-7 _1))

4 Einstein summation convention

If an index occurs twice, a sum is implicitly assumed :

3
D aibi = arby + asbs + asbs,

i=1

but
3
Zaibj = albj + G,ij + agbj 7& az—bj

i=1

5 Four-Vectors

Renaming of the variables o = c¢t,x1 = z,29 = y and 3 = 2z, to make it obvious that time and space
are now treated equally and to be able to use the rules introduced above. In addition, it’s conventional to

introduce the notion of a four- vector
d.’l?o

d.ﬁUl
dl‘g
dl’g

dx, =

because the equation above can be written equally using four-vectors and the Minkowski metric in matrix
form

1 0 0 0
2 g 0 1 0 0 2 2 2 2
(dS) = dl‘un dl',/ = (dl‘o dl‘l d:EQ dl‘g) 0 0 1 0 = dxo — d;];l — dmg _ dl’g
0 0 0 -1

A physical interpretation of ds is that it is the ”distance” between two events in spacetime. The mathematical
tool that tells us the distance between two infinitesimal separated points is called metric. Length of a four-
vector, which is given by the scalar product of the vector with itself

=2 =z,2,0"



Analogously, the scalar product of two arbitrary four-vectors is given by,

Ty = Z#yl/n’“j

There is another, notational convention to make computations more streamlined. We define a four-vector
with upper index as
=",

The Minkowski metric is symmetric n** = n*#

6 Lorentz Transformation
It follows directly from the two postulates that ds* = n*dz, dx, is the same in all inertial frames of reference:
ds"? = dx; da,nt” = ds* = dx,dz,n"

Therefore, allowed transformations are those which leave this quadratic form or equally the scalar product
of Minkowski spacetime invariant. Denoting a generic transformation that transforms the description in one
frame of reference into the description in another frame with A, the transformed coordinates dx;L can be
written as:

dx,, — dz,, = Ajdz,

Then we can write the invariance condition as
(ds)? = (ds')?
dz - dr = dz’ - dz’
dz,dx,n"" = dz’ - dx’
dxyde, " = dz,de,n"” = Ajdre A)dzm"”
W = NPT

Or written in matrix notation
n=A"nA

We define the Lorentz transformations as those transformations that leave the scalar product of Minkowski
spacetime invariant. In physical terms this means that Lorentz transformations describe changes between
frames of references that respect the postulates of special relativity.

7 Conserved Currents
We started these lectures by discussing the charge density p(x,t), the current density J(z,t) and their

relation through the continuity equation,

dp
o5 TV =0

which tells us that charge is locally conserved. we first need to appreciate that the charge and current
densities sit nicely together in a 4-vector,
w_ PC
= (%)

In our new, relativistic, notation, the continuity equation takes the particularly simple form
O J" =0

This equation is Lorentz invariant. This follows simply because the indices are contracted in the right way:
one up, and one down.



8 Gauge Potentials and the Electromagnetic Tensor

Under Lorentz transformations, electric and magnetic fields will transform into each other.

8.1 Gauge Invariance and Relativity

Let us start by recalling some of the equations of electrostatics and magnetostatics,
VxE=0 = E=-V¢

V-B=0= B=VxA

However, in general these expressions can’t be correct. We know that when B and E change with time, the
two source-free Maxwell equations are

B
VxE+%—t:OandV~B:O

Nonetheless, it’s still possible to use the scalar and vector potentials to solve both of these equations. The
solutions are
0A

E:ngbfﬁandB:VXA

where now ¢ = ¢(z,t) and A = A(z,t) We can always shift A — A + Vx and B remains unchanged.
However, now this requires a compensating shift of

¢—>¢—g—>;andA—>A—|—VX

where, x = x(z,t) These are gauge transformations. We define

e-()

9 The Electromagnetic Tensor

From the 4-derivative 0, = (0/0(ct), V) and the 4-vector A, = (¢/c, —A), we can form the anti-symmetric
tensor

F,, =0,A,-0,A,
This is constructed to be invariant under gauge transformations.
Fo — Fu +0u0u,x — 0,0,x = Fuu

This already suggests that the components involve the E and B fields. To check that this is indeed the case,
we can do a few small computations,
10(=Az)  9(d/c)

Fh = — — _ =%
0T ot ox c

Similar computations for all other entries give us a matrix of electric and magnetic fields,

Fip = =-B,
12 or dy
0 E./c E,/c E./c
P = —-E,/Je 0 —B., By



F,, is called the electromagnetic tensor. Equivalently, we can raise both indices using the Minkowski metric
to get
0 —E;/c —Ey/c —E./c

E,/c 0 —-B B
WY _ P VO — T z Yy
F =0 o = g je B, 0 -B.
E./Jc -B, B, 0

Both F},, and F*" are tensors. They are tensors because they’reconstructed out of objects, A,, J,, and
Nuv, Which themselves transform nicely under the Lorentz group. This means that the field strength must
transform as

F/HY = NRAV PO
10 Maxwell Equations

We now have the machinery to write the Maxwell equations in a way which is manifestly compatible with
special relativity. They take a particularly simple form:

O F™ = o™, 9, F" =0

The Maxwell equations are not invariant under Lorentz transformations. This is because there is the dangling
v index on both sides. Let’s now check that the Maxwell equations in relativistic form do indeed coincide
with the vector calculus equations that we’ve been studying in this course. We just need to expand the
different parts of the equation.

OF° = po® = V. E=L

€0
. . 1 0F
3MF“ = pod" = 7072§+VXB:MOJ
OF°"=0 = V- B=0
_ 0B
9" =0 = VxE+ 2 =0

ot



